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Considered problem

Let X be a smooth projective curve over a field k. Suppose that a finite
group G acts on X. What is the k[G]-module structure of H!(X)?

Remarks:

Jedrzej Garnek Cohomologies of p-group covers 4.09.23 1/16



Introduction

[ Jelee]

Considered problem

Let X be a smooth projective curve over a field k. Suppose that a finite
group G acts on X. What is the k[G]-module structure of H!(X)?

Remarks:

® H(X) can be e.g. the de Rham cohomology, Hodge cohomology
(H,l_,dg(X) = H%(Qx) @ H'(Ox)) or crystalline cohomology.

Jedrzej Garnek Cohomologies of p-group covers 4.09.23 1/16



Introduction

[ Jelee]

Considered problem

Let X be a smooth projective curve over a field k. Suppose that a finite
group G acts on X. What is the k[G]-module structure of H!(X)?

Remarks:

® H(X) can be e.g. the de Rham cohomology, Hodge cohomology
(H,l_,dg(X) = H%(Qx) @ H'(Ox)) or crystalline cohomology.

e if char k { #G, this is completely solved (Chevalley-Weil),

Jedrzej Garnek Cohomologies of p-group covers 4.09.23 1/16



Introduction

[ Jelee]

Considered problem

Let X be a smooth projective curve over a field k. Suppose that a finite
group G acts on X. What is the k[G]-module structure of H!(X)?

Remarks:

® H(X) can be e.g. the de Rham cohomology, Hodge cohomology
(H,l_,dg(X) = H%(Qx) @ H'(Ox)) or crystalline cohomology.

e if char k { #G, this is completely solved (Chevalley-Weil),

® when char k = p and Sylow p-subgroups of G aren’t cyclic, the
representation theory of G is wild,

Jedrzej Garnek Cohomologies of p-group covers 4.09.23



Introduction

[ Jelee]

Considered problem

Let X be a smooth projective curve over a field k. Suppose that a finite
group G acts on X. What is the k[G]-module structure of H!(X)?

Remarks:

® H(X) can be e.g. the de Rham cohomology, Hodge cohomology
(H,l_,dg(X) = H%(Qx) @ H'(Ox)) or crystalline cohomology.

e if char k { #G, this is completely solved (Chevalley-Weil),

® when char k = p and Sylow p-subgroups of G aren’t cyclic, the
representation theory of G is wild,

e results for particular curves, groups, in K-theory.
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Group actions and covers

Considering a curve X with an action of G is equivalent to considering a
G-cover of curves 7: X — Y, where Y := X/G.

Note that:

® over almost every point of Y there are #G points of X,
® the remaining points are branch points.
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A NON—BRA’NCH POINT BRANCH POINTS

Jedrzej Garnek
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Artin—Schreier covers

In characteristic p, every Z/p-cover of Y is of the form:

X:yP—y=h,

where h € k(Y).

® the action of Z/p:
y—y+1

® branch points of w : X — Y correspond to poles of h *
* (if pole orders of h are non-divisible by p)
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Higher ramification groups

Definition

For P € X we define the n-th ramification group of G at P:

Gpn={g€G:g(f)=f (modmi) forall feOxp}.
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Higher ramification groups

Definition

For P € X we define the n-th ramification group of G at P:

Gpn={g€G:g(f)=f (modmi) forall feOxp}.

® Gp i1 C Gpp,
® Gp is the stabilizer of P in G,
® Gp, is the p-Sylow subgroup of Gpg (where p = char k),

Example: For X : y? —y = x" over Fp,, p{ m:

G:G,Dy():...:Gp,m>Gp’m_i_l:...:O.
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Klein covers
[ eJele]

Decomposition into global and local parts
We conjecture that Hl5(X) and H,l_,dg(X) decompose into certain local
and global parts. In order to present our description of the local parts, we

present it on the example of a particular V4-cover in characteristic 2, where

V4 :=17/2 x Z,)2.

4.00.23 5/16
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Example — Klein covers

Va-cover of P over Fy:

o
(x-1)"

1

2 _ b
yitynn=x +F

X:y§+yo:x3+

The branch points of 7 are 0, 1, cc.
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Example — Klein covers

Va-cover of P over Fy:

o
(x-1)"

1

2 _ b
yitynn=x +F

X:y§+yo:x3+

The branch points of 7 are 0, 1, cc.

We work now "in the neighbourhood of 0".

Every function regular at 0 is of the form s?+s for s € F>[[x]].
Thus, we may change the variables by a power series, to obtain:

1
(x=1)7

1
e +yo=x>+ y12+y1=X5+F'

Jedrzej Garnek Cohomologies of p-group covers 4.09.23



Klein covers

o] Jele)

Example — Klein covers

V4-cover of P! over Fy:

1
X yi+y=x"+ y12+y1=x5+;-

(x—=1)"

The branch points of 7w are 0, 1, cc.

We work now "in the neighbourhood of 0".

Every function regular at 0 is of the form s?+4-s for s € F>[[x]].
Thus, we may change the variables by a power series, to obtain:

~ ~ 1 1
Yoo + Yo =0x ; y12+y1:x5+—5.
j (X*ﬁ X

1
(x—1)7

Yoi=yo+s, s +s=x>+
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Example — Klein covers

Va-cover of P over Fy:

o
(x-1)"

1

2 _ b
yitynn=x +F

X:y§+yo:x3+

The branch points of 7 are 0, 1, cc.

We work now "in the neighbourhood of 0".

Every function regular at 0 is of the form s?+s for s € F>[[x]].
Thus, we may change the variables by a power series, to obtain:

L, 1 L, 1
Yoo + Yo =0x . A =25
(x = X
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Example — Klein covers

V4-cover of P! over Fy:

1
(x—1)""

The branch points of 7 are 0, 1, cc.

We work now "in the neighbourhood of 0".

Every function regular at 0 is of the form s?+s for s € F>[[x]].
Thus, we may change the variables by a power series, to obtain:

~ ~ 1 ~ ~ 1
YO2+YO:OX?>ﬁ7 B+ =245
(x = X

These equations define a new curve X /Fy:

1

2 _ 5,
itn=x+-g.

X:y§—|—y0=x3—i—

1
Xo: ¥ +yo =0, Y12+)/1:;-
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Example — Klein covers

Va-cover of P over Fy:

1
X +n=x+ y12+y1:x5+x—5.

(=17’

We construct similar curves for 1 and oo:

. _ P 1
Xo ¥ + Yo =0, )/12+)/1:;
Xoo Y5 + Yo = X, ¥+ =x5
The curves Xp, 1, X.. are V4-covers of P'. The idea is that they

approximate w : X — Y around 0, 1, oo respectively.
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Example — Klein covers

V4-cover of P! over Fs:

1
X:yg+y=x"+ Rn=x+

1
(x—1)"

By computing explicit bases of cohomologies of Xy, /, X.. and X one can
show that as F[V4]-modules:

Hir(X0) = N3

(
(

where No ;, M3 ; — indecomposable F»[V4]-modules of dimensions 2, 3.
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Example — Klein covers

V4-cover of P! over Fs:

1
X:yg+y=x"+ Rn=x+

1
(x—1)"

By computing explicit bases of cohomologies of Xy, /, X.. and X one can
show that as F[V4]-modules:

Hir(X0) = N3
Hir () =
Hip(Xs) 2 N3 o & Ms 1 & Ms
HiR(X) 2 Nog @ Noy @ N5 o @ O N3y DMz Mso

where Ny ;, M3 ; — indecomposable F»[V4]-modules of dimensions 2, 3.
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Equivariant decomposition

[ Jelele]

HKG-covers

Let 7 : X — Y be a p-group cover in characteristic p.

Definition
The Harbater—Katz—Gabber cover associated to X at Q € Y/(k) is the
unique G-cover Xg — P! that is ramified only at co and such that

(/I)\X’Q = (/’)\pro with the action of G
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HKG-covers

Let 7 : X — Y be a p-group cover in characteristic p.

Definition
The Harbater—Katz—Gabber cover associated to X at Q € Y/(k) is the
unique G-cover Xg — P! that is ramified only at co and such that

(/I)\X’Q = (/’)\pro with the action of G

(Where @ny = (71’*(9)()(,) ® 6Y,Q)-

The HKG-covers proved to be an important tool in the study of local
actions and the deformation theory of curves with automorphisms. In
particular, they play a key role in the celebrated proof of Oort conjecture.
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Equivariant decomposition
@000

HKG-covers

Let 7 : X — Y be a p-group cover in characteristic p.

Definition
The Harbater—Katz—Gabber cover associated to X at Q € Y/(k) is the
unique G-cover Xg — P! that is ramified only at co and such that

(/I)\X’Q = (/’)\pro with the action of G

(Where @ny = (W*OX)Q X 6Y,Q)-

Example: if Q € Y(k) is not a branch point then

Xg=| |P* - P
G
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Equivariant decomposition
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Equivariant Decomposition Conjecture

Conjecture: If a p-group G acts on a smooth projective curve X then:

HcllR(X)%“ global part @ @ H}/R(Xo)a
Q@ — branch
points
global part ©® @ Hll-/dg(XQ)7

Q@ — branch
points

Il

Hll-ldg(X)

where the global part is explicit, the same for both cohomologies and
depends only on the stabilizer subgroups of the action.

SLOGAN:
Hodge and de Rham cohomology differ only by local parts!
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Equivariant decomposition
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Geometrical interpretation of the conjecture

The cohomology of the cover:

Y

is the same as of the degenerated cover:

yi
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Main result

Theorem (JG, 2023)

Equivariant decomposition conjecture is true for a generic p-group cover.
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Applications
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Application nb 1 — comparing Hl5 and H,l_,dg

Applications:
Corollary (JG, 2022)

For "nice" G-covers X, the following conditions are equivalent:
° Hi/R(X) = H,l_,dg(X) as k[G]-modules,

® the action of G is weakly ramified, i.e. Gpp =0 Vpecx(k)-

Proof:
(=) Compute G-invariants.
(<) If Gpa =0, then Xo =[] P* and Hjg(Xg) = H}je(Xq) = 0.
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[e] e}

Application nb 2 — cohomologies of Z/p-covers

Corollary (JG, 2022)
If G =7Z/p acts on a "nice" X/F, then:

Har(X) = k[G]*" @ I,

where /¢ is the unique indecomposable Z/p-module of dimension p —1 and
r is explicit.

v

Proof: compute cohomologies of HKG-covers. They are of the form:

yP—y=x"
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Applications
ooe

Application nb 3 — cohomologies of Klein covers

Corollary (JG, 2023)

There exist 7 isomorphism classes of indecomposables that may appear in
the de Rham cohomology of "nice" Vj-covers in characteristic 2.

Proof: compute cohomologies of HKG-covers. They are of the form:

yl2 + y1 = polynomial in x of degree M.

{yg + Yo = polynomial in x of degree m,

In contrast, there exist infinitely many isomorphism classes of
indecomposables that may appear in the de Hodge cohomology of
V4-covers in characteristic 2 (cf. [Bleher, Camacho]).
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Open problems
9000000

Open problems:

® |s Equivariant Decomposition Conjecture true for an arbitrary p-group
cover?

® The de Rham cohomology tends to be much less complicated then
Hodge cohomology. Why?

® Other generalizations: crystalline cohomology, higher dimensional
varieties.
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Thank you for

your attention!

Cohomologies of p-group covers 4.09.23 16 / 16
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Idea of the proof:

e Step I: find a function z with low order poles, such that
{g*(z) : g € G} is linearly independent.
(eg. if G=7Z/p, X : yP —y = f, then z := yP~! usually works)
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e Step I: find a function z with low order poles, such that
{g*(z) : g € G} is linearly independent.
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Open problems
000e000

Idea of the proof:
e Step I: find a function z with low order poles, such that
{g*(z) : g € G} is linearly independent.
(eg. if G=7Z/p, X : yP —y = f, then z := yP~! usually works)

® Step ll: z- Qy C Qx and hence:

00— Pe(2)2 = x = P io.(HY) —0.
geaG QeY(k)

e Step llI: prove inductively a formula for cohomologies of an
HKG-cover.
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Magical element: z € k(X) with

o trx v (2) 20,

® ordp(z) > —dj for every P € X(k),
where:

dp =Y (#Gp;—1).

i>1

Open problems

[e]e]e]e] lele)

® If a Z/p-cover X — Y is given by the equation:

yP—y =f(x)

and for every pole P of f one has ptordp(f), then z:= yP~lisa

magical element for X.

® Suppose that the cover X — Y factors as X — X' — Y If z;, z are

magical elements for X — X’ and for X’ — Y, then z; - z, is a

magical element for X — Y.

Jedrzej Garnek Cohomologies of p-group covers
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Theorem (JG, 2022)
If X — X/G has a magical element, then:

HY(Qx) = K[G]®¢" @ Ix )y & @D HO(Qx,).
QeB

H'(Ox) = K[G]%¢" @ Iy, & €D H'(Ox,),
QeB

Hir(X) = k(G178 @ Ix )y @ Ix )y © @D Hir(Xo)-
QeB

where:

Iy =ker [ Y P leco — o

QeY (k)

and Ig H = Indf, Iy.
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Example — Klein covers

We conjecture that the de Rham and Hodge cohomology decompose into
certain global and local parts. We explain it on a example of V,4-covers

(Va:=17/2 x Z/2).

In characteristic 2, every V4-cover of Y is of the form:

X y34+yo=hy, yE+y=h,

where hg, h1 € k(Y).

® Vy-action: (yo,y1) — (yo +1,y1) and (y0,y1) = (Yo, 31 +1),
® branch points of 7: X — Y: poles of hg, hy.
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