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Find the determinant of the matrix:
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A determinant
[Ye)

Let £ € P, £1 r. Consider the function:

Find the determinant of the matrix:

M, := [n(i -~ ijec

where C — arbitrary set of representatives of (Z/¢)* /(£1).

For any i € (Z/0)*:

n(i)+n(l—i)=0 (odd function)

Jedrzej Garnek The ,exponential” torsion... 23.07.25



A determinant
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Example: /=11, r =3, C = {2,4,5,8,10} =
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A determinant
oce

Mg, == [n(i -j~Ylijec,
)= | 1| - 15

Example: (=11, r =3, C = {2,4,5,8,10} =

det ng, =
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Example: /=11, r =3, C = {2,4,5,8,10} =
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My, == [n(i - j~")]ijec,

N jor r—1
n(j) :== {TJ -
Example: ¢ =11, r =3, C = {2,4,5,8,10} =
n(1) n(6) n(7) n(3) n(9)

n(2) n(1) n(3) n(6) n(7)

det My, = |n(8) n(4) n(1) n(2) n(6)

23.07.25



A determinant
oce

My = [n(i - ")]ijec

N J_r _ r—1

n(j) :== { 7 J 5

Example: ¢ =11, r =3, C = {2,4,5,8,10} =
-1 0 0 -1 1

-1 -1 -1 0 0

detMy, =1 0 -1 -1 0
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A determinant
oce

My = [n(i - ")]ijec

N J_r _ r—1

n(j) :== { 7 J 5

Example: ¢ =11, r =3, C = {2,4,5,8,10} =
-1 0 0 -1 1

detMy, = |1 0 -1 -1 0]=-11
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A review
©00000

An abelian variety is a projective algebraic group. J

Example: E — elliptic curve, i.e. a smooth curve given by the equation

y? =x3+ Ax + B, ABeQ

along with a "point at infinity" O.
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The set of real points on E, E(R), (or complex, or rational, ...) on this
curve has a structure of an abelian group:
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A review
008000

Algebraic formulas:

(x1,01) + (2, y2) == (3, ¥3),
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A review
008000

Algebraic formulas:

(x1,01) + (2, y2) == (3, ¥3),

where: )
Y2—n

X3 = =) —x1 — X0,
X2 — X1

Y2—n x Yixo — yoX1
3 —
Xo — X1 Xo — X1

y3 =

23.07.25
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Is it possible to add points on other ? curves?

“smooth projective
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A review
000800

Is it possible to add points on other ? curves?
Ismooth projective J
Answer: No, ... but any curve C can be embedded in an abelian variety

Jac(C) (the Jacobian of C). The dimension of the Jacobian is the genus
of the curve.

\/\Q\/\
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A review
000080

Example: Jacobian of the curve
Y2 = X0+ X%+ X+ £X3 + X2+ AX + 1y

is given by an intersection of n quadratic forms:
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A review
000080

Example: Jacobian of the curve
Y2 = X0+ X%+ X+ £X3 + X2+ AX + 1y

is given by an intersection of n quadratic forms:

agas = ajay — aifo — d3fs + dasarsfofs + asarfifs + S8asarfifs + asar(dfafs —
fafs) +8asan fofo + 2ar3ars fo [ fs + aroars (4fo fofo +2fo fafs + 313 fo) +danars fofi fo +
2a10a13(fof3 + 3f1faf6) + Banarsfofafe + ato(dfifsfo + dfofafo — foff — f3fs) +
aroan (4fofsfo + 4f1fafs — fLf2) + afy fo(4fafs — f3)

apay = araz + asais fofs + azais(9fofs + fufa) + 2asaiafofs + asai3(20fofs + 3f1fs) +
asa10(7f1fe+ f2fs)HAasaro fo fs+asaio fs fo-+dazag fo fs+4asag fo fo—4ad fo fs—4azas fo fo+
dagas f1fs — 202 f1fs + 4a3s f3 f5 + 2a14a15 fo(2fo fo + fifs) + arzars(14fof1fs + 6fofofs +
f1 fs)Farsara(8 fofofo+3fofsfs—f1 fo)taroara(8fofafo+fofE+3f1fsfe)+2at5(10 fo fs fot
2fofafs+2f1fafo+f1f3f5)Far0ars(18 fofsfo+61fafo+ f1f3+2f2f3fo) +darzaiz fofs fo+
2aiofo(f1fo + fofs) + 2a10a11 fo(2fofo + f1f5) + 2a10a12f0 f5 fo

Jedrzej Garnek The ,exponential” torsion... 23.07.25



A review
000080

Example: Jacobian of the curve
Y2 = X0+ 65X° + X+ 65X+ HX2+ AX + 1
is given by an intersection of n quadratic forms:

apas = azas — a3 fa — a3 fo + asars(4fo fs — f1fs) + azars f1fs + 4asara fo fs + 8asarafo fo —
2a3a14f1 fo + 4asarnfifs — dacaofifs + darasfifs + ais(4fofofs — fofs — fifa) +
araa1s f5(4fo f2— f7)+2a13a15(4f0 f2 fo+ fo f3f5—3/E fo) Faroars(4fo fafo—fo fa—4f1 fafe)+
daniars fo(2fofs — frf2) +arzais fo(4fo f2 = f7) +daroara fo(fofs — fifa) — daroars f1 fs fo —

dayparn f1 3

apag = a1a3 — aza10f3 — azag f1 + 4asag fo + 4asag fi + 2azas fo + 2azar f3 + agars(4fo fo +
I1)+4azais fo fs+4asars fofa+2asa13(2fo fa+ f1f3)+2ara13(2f0 f5+ f1f1) +2asa13(2 0 fo+

fifs) — 2ag9a10 fo f5 + 3asaro f1fs + 2asa11 f1fe + dazara fo fs + dasarz fofe
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A review
000080

Example: Jacobian of the curve
Y2 = X0+ X%+ X+ £X3 + X2+ AX + 1y

is given by an intersection of n quadratic forms:

agar = ayay +ayays fi +asag fo — asae fa + azara(fofs — f1fs) — asarafofs + agarz fofa +
2asa13(—fofs + fifa) + 2ararsfofa + asarsfife — asarofifs + asaro(—fafs + fafa) +
azaro(—fafs + f1) — asar0 fafs + asarafofa + asara(—fofs + f1fs) + azarafafa

apas = a1as + azar f5 + 2azas fo

agay = azas + asag f3 + 3azasfs + 2azar fs + dazaz fo — agars fofs + arars(2f1fs — f3) +
asars(2f1fo — f3fa) + dasarafofs — asarafsfs — dagars(—fofs — fifs) + asars(dfafs —
fafa) +2ara13(2f2fs+ f3fs) + asars f3 fo +4agaio fa fo +4asaro f3fo +2araio(2f1fo — f2) —

2aga10 fs fo + dagar f1fs + dagarz fo fo — asar2fsfo
apayy = azaz

apar = 2azas + azais f1 + asaiofz + azaio fs
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000080

Example: Jacobian of the curve
Y2 = X0+ X%+ X+ £X3 + X2+ AX + 1y

is given by an intersection of n quadratic forms:

apary = 2asa7 + 2a3a15 fa + asara fi + 2a3a10 f6 + 204012 f3 — 2a6a0 fs + 2azas f3 + 4ai f1 +
4agaz f5 — arzars f1f3 + aroars(8fofo + fifs — 3f3) + 2a11a15(fofs — f2f3) — 2a10013 f3.f5 +
2an1a13(3/1f6 — fafa) + 12a12a13 fo fo + aZo f3 + 2ar0a11 fafs + 4aFy fofo + dariarzfi fo +

4a3yfofs

apa13 = azas

apa1q = 2a4a5 + asarsf1 + azars f3 + asao fs
agars = asas

asaz = apar — 2asay fo — asas fi
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000080

Example: Jacobian of the curve
Y2 = X0+ X%+ X+ £X3 + X2+ AX + 1y

is given by an intersection of n quadratic forms:

asay = apas — azaio fs + asag fo — asag fo + agars fofs + asars(fifs — f2) + arars(fifs —
fofs)+asaus fifs — agais fofs — 2asais fo fa+2azars(fifo — fofs) — asars fofo +agair fofa+
agar1(—fife + fafs) — asara fofa + azara(fifs — fofs) — asarzfofo

axay = agais + asais fo + asass f3 + 2aza1s fi + 3asars fs + 3azars fo + azara fo + ais frfz +
argars fifa + aiza15(3f1fs + 2f2fa) + Baroars f3 f5 + arzans fifs + arzara(fifs + 2fof5) +

2011014 f2f6 + ar12014f1 fo + a10a13(2fafs + f2) + 2011013 f3 s

20008 = agais — asa15f1 — asaisfs + asaiofs + 2asa11fe — 2035 fofs — 4arsarsfofs +
2a13a15(—3 o fs— f1.f1) —4a11a15 fo fe—4a12a15 fo fs— 2013014 f1 fs—4ar2a14 fo fs—4a3s fr fo—

2a12a13 f1f6
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Example: Jacobian of the curve
Y2 = X0+ X%+ X+ £X3 + X2+ AX + 1y

is given by an intersection of n quadratic forms:

2aza6 = apai+4asais fo+3asais fi+asaio fs—azao fs+2asa1 fatasarz fi+aiaais(4fofa—
[2) +6a1a1s fofs + ar1a15(4fo fa+ f1fs) + 2a12015 fo f3 + ar0arafifs + 2033 (fofs + frfa) +

2a12a13 fof5

a1a6 = apa10+3asa13 fo-+3asa13f1+2asa10 fat+asaro f3+azaio fatasaiz fo+aizais(2fofo+
I2) + 3aroa1sf1fs + 2a13a14fofs + 2a11014f0 fa + ar0a13(3f1f5 + 2f2f4) + anrars(fofs +

2f1fa) + a%o]%fs + aroai1 fafs + aroarafifs + arraiafofs

2a1a7 = agar1 + asaisfi + 2asa14fo — asarsfs — asarofs — dararsfofs — 4alzfofs +
2a10a13(—3f1f6— faf5)—2a11013 f1 f5—2a12013 fo f5— 203, f3 fs—4ar0a11 f2 fo—4ar0a12 f1 fo—

dayraz fofs
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Example: Jacobian of the curve
Y2 = f6X0 4+ X5+ X+ 65X+ HX2 4+ AX +

is given by an intersection of n quadratic forms:

2a1as = agarz — 2asa1s fo — 2asaiofa — azar1 f5 — 2asa12f3 — dagag f1 + 2a¢ag f3 — 4a3 fo —
2azag fz — a2s f2 — 2a14a15 fo f3 + 2a13a15 f1 f3 + aroars(—8fofe — fifs +3f2) — dad, fofa+
2ay3a14(=3fo f5+ fafs)+2a10a14(— f1fe+ f3 fa) —4ar2a14 fo f5+ar0a13 f3 f5—12a12a13 fo fo —
dafzfofs

2a1a9 = apaia—asa1s f1+azais f3+2aza14 f1+3aza13 f5+4azan fe+azarz fs+arais f1fs+
aroara(dfafe+ f3fs) +2a2s(f1fs+ fofs) +6a0ais f3 fo+2a12a13 f1 fo + aroars (4 fafs — f2) +

2a10a12 f3 f6

404 = agay3+ a5a13 f2+ asaro f1+azaxo fo + ad fo+ arsars fifs+ ar01s f2.fa+ ariars frfa+
ar0a14(f1 fo+ f2f5)+an1arafi f5+a10013(2f2 fo+ f3 f5) +aio fafo+ar0a11 fafo+aroara fafo+

anaiz2fifs
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Example: Jacobian of the curve
Y2 = X0+ X%+ X+ £X3 + X2+ AX + 1y

is given by an intersection of n quadratic forms:

aparz = 2apa13 + dasais fo + 2asa1af1 + dasaiszfo + 4asaio fa + 4asarofs + dazaiofo +
2asan1 fs + ais(4fofa — f7) + daraars fo fs + 2a13a15(4fo fa + f1f3) + aroars(dfafs — £3) +
day1a15 f1fa+4a12a15 fo f1+4a1sa1a fofs +4aroara(frfs+ fofs) +4arzara fo fs+4ads(fofs+
2f1f5) + da10a13(2f2f6 + fafs) + darzars(2fofe + f1fs) + ado(Afafe + [2) + daroars f3fe +

daroar2 f2fe + 4anaraf1 fo + 4aty fofo

aza15 = asag — agays f3 — 2arais fa — 2a6a15 f5 — 2a6a14f6 — asaiz f5

azaig = 2asas + agais f1 + 2asais fo + azais f3 — arais f5 — 2asa13 fo
azaz = asar — 2agais fo — agas fi
aza19 = azar — 2a9a13fo — agarzfi

azany = 2azas + agais fi + 2asa13 f2 + azars f3 — azaio f5 — 2asa10 fo
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A review
000080

Example: Jacobian of the curve
Y2 = X0+ X%+ X+ £X3 + X2+ AX + 1y

is given by an intersection of n quadratic forms:
aza12 = 2a5a7+2a7a15 fo+aga15 f3+aga1a f1+2a9ais f2+3agais fa+4aza13 fa+3agais fs +
agayo fs + 2aga1 fo
araig = azag — araiz fi — 2agaio fi — 2asaio fo — araiof3 — 2a9ai1 fo
arary = 2azar — 2agai3 fo — asarzf1 + asaio f3 + 2azaio fa + asaro f5
ara13 = agag — azaio f5 — 2asa10 fo
ara15 = asag — arais f5 — 2asa13 fo
arary = 2asay — 2agars fo — asais f1 + asaizfz + 2arai3 fa + agaiz fs

araiz = 2azag+azais f1 +2aga14 fo+3agars fr +4agars f2+3arars f3+2aa13 fa+agaio f3+

2agaio f4 + acain fs

Jedrzej Garnek The ,exponential” torsion... 23.07.25 7/16



A review
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Example: Jacobian of the curve
Y2 = X0+ X%+ X+ £X3 + X2+ AX + 1y

is given by an intersection of n quadratic forms:

asag = asa9 — asais fo — azais f3 — asais fa — agara fs — asarzfa — asaizfo — agarafo
asa7 = agag + agais fo + asais fi — araizfa — asa1sfs — agan fo

asag = asay + azais fi + agara fo + agais fi + asars f2 + araiz f3 — agaro fe

azar = asag — agarzfo — ararsfo — agaiof2 — asaiofs — ararofi — agari fr — agar2 fo
azag = asaz — agaisfo — agarz fi — asaizf2 + azaio fs + asarofo

asag = asas — agais fo + asars fs + araiz fa + agars fs + asaro f5 + asai fe

asais = ad — a3y fo— a14015 f3 — a10015 f6 — 034 f1— a13014f5 — a12014 f5 — 2012013 fs — ada f6
asars = 2agag +a3s fi — ar3a1s f3 — 2013014 f4 — 2010014 f6 — 333 f5 — 212013 f5 — 2a11012.f6

— a2 a2 2
asaiz = ag — aisfo — af3fa — 2a10a13f6 — an1a13f5 — a2 fo

Jedrzej Garnek The ,exponential” torsio

23.07.25 7/16
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000080

Example: Jacobian of the curve
Y2 = X0+ X%+ X+ £X3 + X2+ AX + 1y

is given by an intersection of n quadratic forms:

asaro = af — 2a13015fo — aroms fz — anaisfi — aarsfo — adofo

asan = 2a7as — 2a14015 fo — @13015/1 + @r0a1sf3 — aoarsfs — 2ar0an fs

asarz = 2a7ag + araa15f1 + 2a13015 f2 + anas f3 — aroarafs — 2a10013f6 — 2100126
aqa1s = agag — a13a15f3 — anaisfi — a0a14f — 2033 fs — arparsfs — anarzfs

a1a11 = azag + af — ads fo + azars f2 — ar0a15f1 — 3a10a13f6 — 2anars fs — 2ar0a12fs
aya13 = azag — a1aa1s5fo — ar3a15f1 — aro@13fs — aroan fo

asa10 = a2 — aroass fo - anarsfi — 2arzans fo — @ fa — aroars fy — ay o — anasafi — abofo
agany = 2aar —2a11a15 fo — 2012014 fo — 3ads fi — aroars fs — 2an1a13 fo — 2012013 f1 + o fs
agarg = a2 — 2agzas fo — arzarsfo — avsarafy — adafe — a3l

azars = af — afs fo — aroars 1 — aoarafs — 2ar0a13fs — ar0a12f6

azars = 2a7as — 2014015 fo — @13a15/1 + @r0arsf3 — aoarsfs — 2ar0an fs

a3tz = 20508 — 2013015 fo — a11015f1 — 2012015 fo + a10@14f3 + 20100131 + ar0a11 f5

Jedrzej Garnek he ,exponential” torsion 23.07.25 7/16
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000080

Example: Jacobian of the curve
Y2 = X0+ X%+ X+ £X3 + X2+ AX + 1y

is given by an intersection of n quadratic forms:

2
aiaip = agay — anaisfo - aaiafz — aizaiafo - 2aisfi — aoaisfs - aaisfi

24 ) P 2
ayany = agag + a7 — Bargars fo — aroas f2 — 2012015 fo — 2a13a10fy + aroarsfs — afofe
aia12 = agag + azas — anasfo + 2010015 f3 + anais f2 + anaiafi — aan fo

agars = 2azay; — asay + azary

agan = —azayy + 2agar; + agary
agary = —azars + agary
agay = —agars +azary
arary = —agarg + asan
agaig = —aaig +azan

aao1s = 2a13015 + G201
agzars = apasg

anan = 210813 + G012
g = —2a10015 + a11014
anas = aan

ajais = anag.

Jedrzej Garnek The ,exponential” torsion 23.07.25 7/16




A review
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Example: Jacobian of the curve
Y2 = X0+ 65X° + X+ 65X+ HX2+ AX + 1

is given by an intersection of n quadratic forms:

asar = apar — anaisfo — @@ f2 — a1za1afo — 2033 fr — awaafs — azaizfi
aran = agag + af — Baraars fo — aromsfo — 212015 fo — 20314 fy + aroaiafs — ddofe
asarz = agag + azas — agasfo + 210015 fs + anaisfz + anaisfs — awenfe

agars = 207015 — agan + azar

agan = —azays + a5 + asary
agayg = —arays + agary
agary = ~agars +azary
azang = —agarg + agan
agaiz = ~asaig + azan

14011 = 2013015 + 1215,

agsays = ayays

anan = 2a10a13 + 10012
arais = ~2a015 + anan
anais = awan

aygais = anag

where n = 72.

Jedrzej Garnek The ,exponential” torsion 23.07.25 7/16




Example: Jacobian of the curve
Y2 = f6XO 4+ £5X° + £ X* + BX3 + HX? + AX +

is given by an intersection of 72 quadratic forms.

How to work with Jacobians?

Jac(C) = Pic%(C) = divisors (formal sums of points) of degree 0

divisors of functions

Jedrzej Garnek The ,exponential” torsion... 23.07.25
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n-torsion on an abelian variety A:

/

Al ={PcA@): P+P+..+P=0}

n
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n-torsion on an abelian variety A:

Al ={PcA@): P+P+..+P=0}=(Z/n)%.

n
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n-torsion on an abelian variety A:

Al ={PcA@): P+P+..+P=0}=(Z/n)%.

n

+Rationality” of torsion points is encoded by the Galois representation:
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n-torsion on an abelian variety A:

Al ={PcA@): P+P+..+P=0}=(Z/n)%.

n

+Rationality” of torsion points is encoded by the Galois representation:

pn : Gal(Q/Q) — Aut(A[n]) = Glog(Z/n).
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+Rationality” of torsion points is encoded by the Galois representation:
peee : Gal(Q/Q) — Aut(TyA) = Glog(Zy).

Why study the torsion?

® interesting extensions (inverse Galois problem, class numbers),

® interesting representations (Last Fermat's Theorem, modularity).
What is the image of the representation?

Conjecture (Mumford—Tate)

(im pge )%21° = MT(A) ® Q.

— a bridge between the Hodge and Tate conjectures for abelian varieties.
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What is the /-torsion and the image of pgeo for Jac(C), where
C:y'=f(x) ?

Example: (=2, f =x3+ Ax+ B

p.5 +

E[2] = {07 (X17 0)7 (X27 0)7 (X37 0)}7

where xi, x2, x3 — zeroes of x3 + Ax + B.
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The main question

What is the (-torsion and the image of pse for Jac(C), where

C:y'=f(x) ?

A more general case: Let r :=degf, where 201 r.
Then dimJac(C) = (¢ —1)(r — 1).

If f(o) =0, then in the group of the divisors:
?-((e,0) — 00) = div(x — «),
so that

(,0) — 0o € Jac(C)[1]. J

If ¢ = 2, we obtain the whole ¢-torsion. How about ¢ > 27

Jedrzej Garnek The ,exponential” torsion... 23.07.25
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What constraints does im pyeo satisfy?
® we have an action of zy on C : y* = f(x) given by:

() = (e y).
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im pgoe C GUp(,_1 (Oé)fj;:tlegj (%)

What constraints does im pyeo satisfy?
® we have an action of zy on C : y* = f(x) given by:

() = (e y).
Thus on Jac(C) we have an action of O := Z[{] and on £*°-torsion
the action of Oy := Z¢[(].
e the action of the Galois group preserves a unitary form (Weil pairing),
® on \-torsion (where A :=1 — (;) the Galois group is Gal(f).
® condition on the determinants of pye.

If Gal(f) = S, and there exists a prime ideal p in O such that
ordy(disc(f)) =1, then (x) is an equality!
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® the ,natural candidate” for the image:
{deO) :d-del+{-(r—1)Z}

® class field theory:

* Gal(Q/Q)?* ~1o/Q*, where Iy := H;)Soo jap
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What can be said about the image of det ¢ o py : Gal(Q/Q(¢/))*” — O)7?

® the ,natural candidate” for the image:
{deO) :d-del+{-(r—1)Z}

® class field theory:

* Gal(Q/Q(¢)) & Tg(c,)/Q(¢e), where Tg(c,) = [Th<oo QC)N,

® det » o pyo comes from the Hecke character

X Tgee,)/Q(C)™ — Q(¢e)™,

® the ,infinity type” x is determined by 1, © H°(Qc¢),

and equal to:
/-1

H UJL%J

j=1

where 0;((;) := Cé'.
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What can be said about the image of det o 0 py= : Gal(Q/Q({;))?> — O;?

e linear algebra™
det ¢ o pe has a finite index in the "natural candidate" iff det M, # 0.
® Hirabayashi formula for the determinant of M, , (Demjanenko, '98)

(_1)T . h[_ . (rrg o 1)%’

det MgJ =

where:
® h, is the relative class number of Q((y),
® 1, is the multiplicative order of r mod /.
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What can be said about the image of det o 0 py= : Gal(Q/Q({;))?> — O;?

e linear algebra™
det ¢ o pe has a finite index in the "natural candidate" iff det M, # 0.
® Hirabayashi formula for the determinant of M, , (Demjanenko, '98)

(_1)T . hz_ . (rrg o ]_)Zz_le7

det Mg’r =

where:
® h, is the relative class number of Q((y),
® 1, is the multiplicative order of r mod /.

Corollary (JG)

Under the assumptions of the Theorem, the MT conjecture (and Hodge
and Tate’s) holds for Jac(C)!
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About the proof

® a lifting result:
(Serre, ...) if G C Gl (Zy) is a closed subgroup and

G (mod ¢) =Gl (Z/¢),

then G = Gl (Zy).
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About the proof

® a lifting result:
(JG) if G € GU,(Oy) is a closed subgroup and

G (mod \?) = GU(Oy/)\?),

to G = GU,(O)).

e descent theory”: the description of Q(Jac(C)[\?]), i.e

Q(Q,Jac(C)[)\z]) :Q(Cé)al)"'aara ¥ Qp — O o I#J)

where a1, ..., o, — roots of f.
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attention!
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Other remarks

® Hodge group (the special Mumford—Tate group):
U(Hi(Jac(C),Q), V)
e from the proof of the MT conjecture in this case it follows that
End(Jac(C)) = Z[(y),
® Hodge conjecture:
Theorem (Ribet)
If E := End(Jac(C)) ® Q is a commutative field and

MT (Jac(C)) = U(H:1(Jac(C),Q), ¥),

then Jac(C) satisfies criterion (1,1) (i.e. all classes Hodge's are derived
from divisors). In particular, it satisfies the Hodge conjecture!
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