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Corollary: if dw =0 (and w is well-defined on R?) then:
> fww = 0 if v is closed,

> fm w= fw w if 71,7, have the same endpoints.
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How about closed forms in general?
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Then dwo =0, but g, wy = 27!
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For any smooth manifold X:

i (X)__i—forms satisfying dw =0 CLOSED FORMS
IRV jforms of the form dn ~ EXACT FORMS

Examples:
> Hir(R?\ {(0,0)}) = Spang(wo) = R,
> Hl(T¢) = R%.
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SLOGAN: H', counts the i-dimensional holes!
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Algebraic curves

Algebraic curve — a one-dimensional object given by
algebraic equations. Every (smooth compact) curve over C is
homeomorphic to T#&x, where gx — genus of X.

X:;{(, ) : }JU:{(u,v):vzzu—us’},
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How about curves e.g. over F,?

Let X = [/, U U;. The elements of H3x(X) are triples:
» ., — form regular on
» w; — form regular on Uy,
» f — function regular on [/, N U,

such that .. —w; = df. We identify with 0 the triples:

( 7dfl» _fl)

It X ={(,): FU{(u,v) : v2=u— P}
over Fs then Hl,(X) is spanned by:

> (1, %,0),
> ( 7_u‘(,1u727y)'
. _/

More examples: [Aristides Kontogeorgis, Orestis Lygdas, On
the de Rham cohomology of cyclic covers]
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Applications of the de Rham cohomology

P invariants of varieties: Betti numbers, Euler characteristic,

» Hodge filtration ~~ study of algebraic cycles
(=~ subvarieties)
(Hodge conjecture: 10°%)

» mixed Hodge structures — topology of singularities
(e.g. Milnor fibers),

» study of families of varieties

Gauss—Manin connection governs how periods of varieties
vary in families and leads to Picard—Fuchs equations.

» gateway to more complicated cohomology theories.
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Xy ={(x,y): yz—x —4x}Uu{(u,v): v?=u— 1P},
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Lifting curves

Given a curve
X={(xy):y>=x>—x}u{(u,v): v’ =u—1u*} over Fs
you can lift it in many ways to a curve over Q or Zs:

X; ={(x,y):y*=x>—ax} U{(u,v): v’ = u— u?},
Xo={(x,y): y? = 11x°> + 4x} U {(u, v) : v? = 11u + 403},
Xs = {(x,y) : y* = 106x> — 6x} U {(u, v) : v* = 106u — 106u°}.

It turns out that:

Hir(X1) =2 Hip(X2) =2 Hip(Xs).
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Crystalline cohomology

Crystalline cohomology of a curve X over F,, is the de Rham
cohomology of any lift X of X to Z:
H (X) := Hip(X).

crys

> Hirys(X) = Zig'
> Key property: if f : X — Y is a morphism then
o HL (YY) = HE(X).

crys crys

> F: X — X, F(x,y) = (xP, yP) — Frobenius morphism,
» group action G O X.
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» crystalline site,
» Monsky—Waschnitzer cohomology,
» de Rham-Witt cohomology,

triples (wo, w, ), where wy,w; are Witt forms (formal
expressions containing V, F, [f] and satisfing certain
contraints).

Example: Cohomology mod p? of our favourite curve:
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» counting points on varieties over [,
(Kedlaya's algorithm)

» supersingularity,
» lifting of group actions,
» Galois representations and p-adic Hodge theory,

> ..



Curves and their symmetries
Curves with an action of a group
GO

X — algebraic curve

GO Hir(X), Hys(X) — G-representations
Research problem

What is the structure of

Hir(X) and H!
as G-modules?

crys
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> representation theory of G comes down to characters,

» HIx(X) can be completely described by the
Chevalley-Weil formula

(stabilizers and fundamental characters of the action).



Over C:
> representation theory of G comes down to characters,

» HIx(X) can be completely described by the
Chevalley-Weil formula

(stabilizers and fundamental characters of the action).

(Over F, and Z,: b

» if G has a cyclic p-Sylow subgroup:
representation theory of G is easy,

» if G has a non-cyclic p-Sylow subgroup:

representation theory of G is IMPOSSIBLE.
. v,
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Cyclic case

Theorem (AK & JG, 2025)

If G has a cyclic p-Sylow subgroup then the F,[G]-module
H:-(X) is completely determined by the ramification data:

» the ramification groups of the action,
» the fundamental characters of the action.

. J

Remarks:

» if G does not have p-cyclic Sylow subgroup — known not
to be true ([JG, 2025]),

» analogous result for H%(Qx)

[Kontogeorgis, Bleher, Chinburg, Galois structure of the
holomorphic differentials of curves, 2020].



Cyclic case

Theorem ( )

If G has a cyclic p-Sylow subgroup then the Z,[G]-module
H, .(X) is completely determined by the ramification data:

crys

» the ramification groups of the action,
» the fundamental characters of the action. )

.

Remarks:
» if G does not have p-cyclic Sylow subgroup — known not
to be true ([JG, 2025]),
» analogous result for H%(Qx)

[Kontogeorgis, Bleher, Chinburg, Galois structure of the
holomorphic differentials of curves, 2020].
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where:

» Jpn, Jpnpn-my1,Jpn_pi — explicit representations of
F =7Z/p" over Zp,

» p™ — maximal ramification index,
> ug) — ramification jumps,
> Y = X/F.
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How to prove both theorems?

» crucial case: F =7/p",

» induction on n — use induction hypothesis for:
» F,_1:=7/p" ! acting on X,
»> F,_1 acting on X" := X /(Z/p).

> key element: trace trx x» : Hig(X) — Hip(X").
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Representation theory of F = (o) = Z/p"

» every F,[F]-module M is determined by the dimensions of
T'M = MDD /M=),

where M) := ker(o — 1),
» every Z,[F]-module M is determined by the diagram:

HY (F, M) S HY (M) S ... S HYF,, M)

up to "trivial summands" (Yakovlev, 1970).

To classify F x Z/m-modules:
add Z/m-structure on T'M and H'(F;, M)!



Case of a general p-group G

Group action is étale, if all the stabilizers are trivial.

Theorem (Nakajima, 1984)

If X is an étale G-cover then:
Hln(X) = k[G]2€ =D pker(k[G]— 1) Dker(k[G]I—16)Y

where d is the number of generators of G.

J/
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Case of a general p-group G

Theorem (JG, 2022)

If X is a generic G-cover then:

Hir(X) = KIGPS @ Iy @ Yy © @D Hip(Xo),
QeY(k)
where Y := X /G and:

» Xo is the HKG curve approximating X above Q,
» the module Ix/y is:

ker (Z : @ IG,GQ — k[G]) 5
Q

> /G,H = Indf, IG,H-
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Theorem (JG, in progress)

If X is any G-cover then:

Hin(X) = KIGPE D& by & Yy & D Hirl(Xo)
QeY (k)
where Y := X/G and:

» Xo is the HKG curve approximating X above Q,
» the module Ix,y is:
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Case of a general p-group G

Theorem (JG, in progress)

If X is any G-cover then:

Hin(X) = KIGPE D& by & Yy & D Hirl(Xo)
QeY (k)
where Y := X/G and:

» Xo is the HKG curve approximating X above Q,
» the module Ix,y is:

ker (M@Z k(G & P lo.c, — k[G])
Q

> Icp = Indg Iy,
» group of the largest étale subcover X, — Y is
generated by d elements.




Thank you for your attention!



