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G X

smooth projective curve

HG) - HY(X)A G

G-module
Research problem

Describe the G-module structure of H(X).

Here H'(X) may mean one of the following:

Hige(X) = HO(Qx) ® H(Ox),
HAR(X)7

Hclris(X)'




Over C:
> representation theory of G comes down to characters,

> Hige(X) and Hjp(X) can be completely described by
the Chevalley—Weil formula

(stabilizers and fundamental characters of the action).



Over C:
> representation theory of G comes down to characters,

> Hige(X) and Hjp(X) can be completely described by
the Chevalley—Weil formula

(stabilizers and fundamental characters of the action).

(Over F, and Z,: b

» if G has a cyclic p-Sylow subgroup:
representation theory of G is tame,

» if G has a non-cyclic p-Sylow subgroup:

representation theory of G is WILD.
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1. Classification of morphisms between curves.

ST DI SU
Isogeny graph of elliptic curves used
in the CSIDH cryptographic algorithm.



Motivations

1. Classification of morphisms between curves.

2. Lifting group actions on curves to characteristic 0.

Let X/F, be a curve with an action of G.
Can G O X be lifted to characteristic 07

Theorem (Kontogeorgis, Terezakis):
The action G O X can be lifted if and only if there exists
a lift of G O H°(X, Qx) satisfying a certain condition.
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Motivations

1. Classification of morphisms between curves.
2. Lifting group actions on curves to characteristic 0.

3. What do the representations of the group G arising
from the cohomology of curves look like?

4. H5(X) ~ information about the p-torsion of Jac(X).



Part |:

The de Rham
and
Hodge cohomology
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conjecture that

H:o(X) = global part @ local parts,
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Decomposition into global and local parts

My earlier results on H}, (X)¢ and Hj(X)C lead me to the
conjecture that

Hio(X) = global part @
Higg(X) = global part &
as k[G]-modules where:
» global parts are the same for both cohomologies

and depend only on the “shape” of the cover
(stabilizers and genus of X),

> depend only on
the completed local rings of branch points.
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» G is a p-group and k is a field of characteristic p,

> m:X—Y is a G-cover of smooth projective curves/k.
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HKG-covers

Setup

\.

» G is a p-group and k is a field of characteristic p,

> m:X—Y is a G-cover of smooth projective curves/k.
Definition

)
The Harbater—Katz—Gabber cover associated to X at

Q € Y(k) is the unique G-cover Xq — P! such that:
» it is ramified only over oo,

(&

> 6X,Q = (/’)\X@OO with the action of G.
Idea

-

The local part of HY(X) at @ should be H'(Xg).

[m]
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Example — Klein covers

G = 7/2 x 7Z/2-cover of P! over FFy:

1 1
X:y02+yo=X3+m, y12+y1=x5+;.

The HKG-curves for 0, | and oc:

1
Xo:¥g +y0 =0, )/12‘1‘)/1=;1
Xso VG + Yo =X, Vit =x
The curves Xy, ,, X.. are G-covers of P'. The idea is that

they approximate 7 : X — Y around 0, |, oo respectively.



Example — Klein covers

G = 7/2 x 7Z/2-cover of P! over FFy:

1 1
X:y02+yo=X3+m, y12+y1=x5+;.

By computing explicit bases of cohomologies of Xy, ., X
and X one can show that as F,[G]-modules:

Har(X0) = IV

Har(*) =

Har(Xoo) = N3 g & M3y ® M 5
Har(X) = N27,0 b N27,1 ® Mz & Mz,

where N, ;, Ms; — indecomposable F,[G]-modules of
dimensions 2, 3.



Example — Klein covers

G = 7/2 x 7Z/2-cover of P! over FFy:

X:yi+y=x+

1
y12+y1=x5+;.

(x=1)"

By computing explicit bases of cohomologies of Xy, ., X
and X one can show that as F,[G]-modules:

)
HcllR(Xﬁo) = N22.0 S M1 ® M,
Har(X) = Noo @ Noy @ N3 o @ V0 @ NS My b M,

where N, ;, Ms; — indecomposable F,[G]-modules of
dimensions 2, 3.



Case of a general p-group G

Theorem (JG, in progress)

With the above setup, as k[G]-modules:

Hip(X) = K[GPE D @ by @ Y,y @ @D Hip(Xo),
QeY (k)
where:

» gy is the genus Y,

» Xo is the HKG curve approximating X above Q,
> Ix/y :=ker (ud Y : k[G]Y & Dy ls.c, — k[G]),
> g = Ind§ Iy,

» group of the largest étale subcover X — Y is
generated by d elements.
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Case of a general p-group G

Theorem (JG, in progress)

With the above setup, as k[G]-modules:

Hir(X) = KIGPE D & 1)y & )y & P Hir(Xa)-
QeY (k)

N
global part

~-
local parts

e (X) = 5[6]2(%") ® Ix/y © Iy @ P Hhu(Xa)-
QeY (k)

N
local parts

\. J

TV
global part
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Application

Question: What are the “building blocks” of
the cohomologies of curves?

. [ indecomposable summands of H!(X)
Indec” (k[C]) := { for curves X /k with a G-action '

Let p > 2. If the p-Sylow of G is not cyclic, then
Indec™’(k[G]) and Indec®®(k[G])

are infinite.

Idea: (Z/p x Z/p)-covers z —zg = x™, zf —zy = a- x".



Part II:

Crystalline cohomology



Crystalline cohomology

Definition

Crystalline cohomology of a curve X over F, is the de Rham
cohomology of any lift X of X to Zj:

Hirys(X) = HcliR(X)

DA



Crystalline cohomology

Crystalline cohomology of a curve X over F, is the de Rham
cohomology of any lift X of X to Zj:

Hers(X) 1= Har(X).

crys
Key property: if f : X — Y is a morphism then

£ HL (YY) = HE (X).

crys crys



Crystalline cohomology

Crystalline cohomology of a curve X over F, is the de Rham
cohomology of any lift X of X to Zj:

HE (X) := H:o(X).

crys
Key property: if f : X — Y is a morphism then
o HE (YY) = HE (X).

crys crys
Applications:
counting points on varieties over F, (Kedlaya’'s algorithm),
supersingularity, Galois representations (p-adic Hodge theory)



Cyclic p-Sylow subgroup results

Theorem (A. Kontogeorgis & JG, 2025)

Let G have cyclic p-Sylow and act on X/F,.

The F,[G]-module H:5(X) is determined by gx and:
» the higher ramification groups of the action,

» the fundamental characters of the action.
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Cyclic p-Sylow subgroup results

Let G have cyclic p-Sylow and act on X/F,.

The Z,[G]-module H}.(X) is determined by gx and:
» the higher ramification groups of the action,

» the fundamental characters of the action.

Main tool: a Z,[G]-module M, finite free over Z,,, is
determined by the diagram:

HY (F, M) S HY(F,M) S ... S HY(F,, M)

(where F; :=Z/p') up to "trivial summands". [Yakovlev, 1970



Formulas for G = Z/p"

Hi(X) = SO Va2 ng o P L2

p"—p"/eq

QeB
Q#Qo
me—= 1 t+1) t)
2D D L
QeB t=0

where:



Formulas for G = Z/p"

Hi(X) = SO Va2 ng o P L2

p"—p"/eq
QeB
Q#Qo
me— 1 t+1) t)
oD D S oo
QeB t=0

where:

» J; — representation of G = Z/p" over [F,, given by
i x i-Jordan block with eigenvalue 1,

» ep — ramification indices,
> ug) — upper ramification jumps,
» p™ — maximal ramification index.



Formulas for G = Z/p"

~ T2 -1
H(}FIS( ) — Jpggy ) @Jz pn—m41 EB @ JP —p /eQ
QeB
Q#Qo
me— 1 t+1) t)
D D I e
QReB t=0

where:
» Jpn, Jpn_pn-my1, Jpn_pi — explicit representations of
G =1Z/p" over Z,,
> ep — ramification indices,

> ug) — upper ramification jumps,
» p™ — maximal ramification index.



Formulas for G = Z/p"

~ T2 -1
HA ) =2 Va2, e @I

p"—p"/eq
QeB
Q#Qo
)

-1 (
UQ 7”@
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Formulas for G = Z/p"

~ 12(gy—1)
Hclris(X) = Jp"gy D Jf)"—p"*”’—i—l 7] @ Jz

p"—p"/eq
QeB
Q#Qo
me—1 (t+1) (1)
D D I
p"—p"tt/eq’
QeB t=0

» global part,



Formulas for G = Z/p"

~ T2 -1
HA ) =2 Va2, e @

p"—p"/eq
QeB
Q#Qo
me 1 W)y
D @ @ JP —p"tt/eq’
QeB t=0
» global part,

» local parts.



Formulas for G = Z/p

~ T2 1
HyeX) 2 Vol @ @ B e

QeB

Q#Qo

t+1) t)

D @ EB “Hp p"“/eo
QeB t=0

» global part

» local parts.

How about H!.

cris

(X) for other groups G7

DA



Thank you for your attention!
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Example:
Crystalline cohomology mod 9 of the curve y?=x

2 18 16 14 8 6 4
y —x* =2 Xy — xPOy + xy + x%y — x°y + xy
V(i ¥——5— v
{(Lafx]dXJr (XAY*2X2Y+de>+d ( x4 =22 +1 ))

V(xMy +xy +2x% — 2x%y — x° + x*y + 2%y — ),
2 2
y —x* =2 xXy+y
dx+V d dv s
[x3—x} Xt (x‘y—2x2y+y X)+ (x‘—2x2+1)}

y iV 2x7—2x5+2x3+xdx v —xBy 4+ x2y — x99 — xBy 4 xy — X%
x2—1 Xty —2x%y +y xt—2x2+1 !

3 _ x over Fs:

|:727y] N V(fxmy — x38y —2x10y + 2xMy + x12y — x10) — 2xBy + xBy — x%y 4 2x2y 7}/)
p s

y 2x° 4 x* 4 2x2 -2 2xy
dx +V d AV ———F5—
[x“—xz} ot <x7y—2x5y+x3y <)t Xt —2x2+1
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ldea of the proof

CRUCIAL STEP: find k[G]& 9 < HO(X, Qx).

» If d =0, one can often find z € k(X) such that:
@g QY C QX7
geaqG

» in general, replace z € k(X) by a k-linear function
Z. Qk(y) — Qk(X)

which is a section of trx vy : Qux) = Qi(v).
>
Theorem (Nakajima, 1984)

If X — Y is an étale G-cover then:

H°(X,Qx) = k[G]© =9 & ker(k[G]?—1¢).
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{g*(z) : g € G} is linearly independent.
(eg. f G=Z/p, X : yP —y = f, then z := yP~! usually
works)
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The decomposition for a generic curve:

» Step I: find a function z with low order poles, such that
{g*(z) : g € G} is linearly independent.

(eg. f G=Z/p, X : yP —y = f, then z := yP~! usually
works)

» Step II: z- Qy C Qx and hence:

O—>@g Qy—>Qx—> @IQ HQ) — 0.
geG QeY (k)

» Step Ill: prove inductively a formula for cohomologies of
an HKG-cover.



Explicit form of the summands of crystalline cohomology

Jpn_pn-i 1= ker(Zp[G] = Zp| G/ Gi]),
Jpn_pn-iy1 := ker(Zp|G] — Z|G/ Gj]/Z)).

where W is the image of the map
Ne/6 = deG/G,-g L Lp = Lp[G/G].



